Dihedral groups of order 2 m , for sufficiently large m 9 have nonisomorphic but j-Smith equivalent representations. That is, these groups can act smoothly and semilinearly on a homotopy sphere with two fixed points such that the isotropy representations at the fixed points are distinct.
1. Introduction. Let G be a finite group. If G acts smoothly on a closed homotopy sphere with exactly two fixed points, then the isotropy (or tangential) representations at these points are said to be Smith equivalent [P2] . If, in addition, the homotopy sphere X is semilinear, (i.e. the fixed set If* is a homotopy sphere for every subgroup H of G [R] Theorem A is a consequence of Theorem 3.4 which gives a sufficient condition for representations of dihedral groups to be s-Smith equivalent. Theorem 3.4 is followed by explicit examples of nonisomorphic but s-Smith equivalent representations of dihedral groups Dim of order 1 for m > 10.
REMARK. At present, we know a class of cyclic groups [P2], certain abelian groups [Su] , and generalized quaternion groups of order high powers of 2 [Ch] have nonisomorphic but 5-Smith equivalent representations.
Following is a brief description of the general technique given by Petrie in [P2] and in [PR] , which we will apply.
Let G be a finite group. Let V and W be representations of G satisfying certain conditions, which will be discussed in detail in §3 (see Theorem 3.4). Let Y be the unit sphere S(V+R) of the representation F+JR, where R is the trivial one dimensional real representation of G. If the fixed set V G is {0}, then the fixed set Y G consists of two points 18 EUNG-CHUNCHO p = (0,1) and q = (0,-1) and the isotropy representations T P Y and T q Y are isomorphic to V. Suppose there exist G-vector bundles E+ and E-over Y with Iso(£' + ) = Iso(J?_) = Iso(F) and a G-map h between them. Here, Iso(F) is the set of all isotropy subgroups of V. Suppose, also that the map h :£"+-» E-is a proper equivariant fiber preserving map such that the fiber degree of h H : E+ -• E? is 1 for all subgroups H of G.
Suppose h is transverse to the zero section Y in 2s_. Then X = /z'^F) is a G-manifold and the restriction / = h \ X of h on X is a G-map.
The degree of / H is 1 for every H CG and the tangent bundle TX is stably isomorphic to f*(TY + E), where E = E+-E-
The pair (X, /) with additional bundle data is called a normal map (precise definition in (3.4)).
The normal map (X, f) is converted, by applying equivariant surgery, into another normal map {X f , /'), where /':
The tangent bundle TX 1 is stably isomorphic to f'*(TY + £) and / /G : X /G -> F G is a bijection. Hence,
Here, the fixed set X rG is identified with {p,q}. Thus if i*E = (0, JF -V), where /: F G -• Y is the inclusion, then T p X r = V and T q X' = FT, i.e. F and W are s-Smith equivalent.
When G is a cyclic group, the G-vector bundles E + and £L over Y and the G-fiber homotopy equivalences can be found by applying results from representation theory, equivariant ^-theory, equivariant /-homomorphism, and Adam's operation [P2] . One can extend them for cases where G is not cyclic, by applying induction construction on the equivariant vector bundles and the equivariant bundle maps. The induction construction on equivariant vector bundles is a map of K H (Y) into K G {Y) which is a generalization of the usual induction on representations where H is a subgroup of G [ChSu] .
The normal maps we construct fail to satisfy the gap hypothesis required in the definition of normal map given by Petrie in [PR] (definition given in §3). The difficulties that arise from this fact in the process of equivariant surgery are avoided by Lemma 3.2.
The surgery obstructions are shown to vanish by applying Hambleton and Milgram's results on surgery obstruction groups for finite 2-groups [HM] .
For the convenience of the readers, some of the necessary results are reviewed in §2. And the main result is proved in §3.
Historical Remark. Under certain conditions either on the acting groups or on the representations, Smith equivalent or s-Smith equivalent representations are isomorphic, as proved in [AB] , [M] , [B] , and [Sa] . The first example of nonisomorphic Smith equivalent representations was found by Petrie [PI] . Cappell and Shaneson gave the first example of nonisomorphic Smith-action equivalent representations of Z 4w , n > 1 [CS2] . Here, the definition of Smith-action equivalence is stronger than that of Smith equivalence, it requires the action to be of Smith type (i.e., each fixed set of the sphere be either discrete or connected). In fact, the example is also s-Smith equivalent ( 2. This section reviews (a) an induction construction in equivariant if-theory from [ChSu] , and (b) a result on surgery obstruction groups for finite 2-groups from [HM] .
(a) Let G be a finite group and K a subgroup of G. G can be viewed as a ^-space via group multiplication on the left. Given #-space X, the set (G, . Then F is a G-map, and the pullback F*(G, E)K is a G-vector bundle over Y, which we call the induced vector bundle of E and denote by indf E.
The set Vector) of all G-vector bundles over Y is a semigroup under Whitney sum, and the map ind£ is a homomorphism of the semigroup Vectjc(y) of all A'-vector bundles over Y to the semigroup Vecto(Y). Therefore, ind£ naturally extends to a group homomor- 
(b) In [HM] , Hambleton and Milgram determined the oriented surgery obstruction groups L^(G) for G any finite 2-group. We will apply the fact that the surgery obstruction group L^(G) is torsion-free, when G is a dihedral group of order power of 2.
It is the consequence of the fact that, when G = D 2 n, L$(G) is isomorphic to a direct sum of Z by Theorem A of [HM] , and the
3. Main result and the proof. Throughout this section, G is the dihedral group D 2 d, with 2d = 2 k , i.e. the group generated by two generators x and y with relations
K is the subgroup generated by x, and H the subgroup generated by x 2 . The cyclic subgroup K is also viewed as a subgroup of the multiplicative group C* of nonzero complex numbers by identifying the generator x with a primitive 2dth root of unity.
The representation ring R(K) is isomorphic to the polynomial ring z[t]/(t 2d -1), where t is the representation with the underlying vector space the complex plane C on which K acts via complex multiplication.
Let
be a complex representation of K such that is the Grothendieck group associated to the semigroup Vector; V") of all ^-vector bundles E over Y with E y < V" at every point y of Y. E y < V 11 means E y is a subrepresentation of nV" for some positive integer n. This is equivalent to the fact that every irreducible real representation of K y occurring in E y occurs in V". And /* is the map induced from the inclusion i: Y K -• 7. For our case, extra technical conditions required in Theorem 5.19 of [P2] are trivially satisfied because of our choice of V" and of the group K being of order power of 2. Now apply the induction construction on E r to find
such that
Here V is ind£ V". The normal map (X, f) with /: X -• Y is constructed by the transversality argument as in Theorem 5.19 of [P2] .
•
The normal map {X, f) constructed in Theorem 3.1 fails to satisfy the gap hypothesis as required by the definition of the normal map. It does satisfy the gap hypothesis at every level, but not at X L < X H and at X M < X H , where L is the group generated by x 2 and y and M the group generated by x 2 and xy. In fact, we have
Since the purpose of the gap hypothesis is to provide imbeddings when a series of surgeries is to be performed, if the normal map (X, f) can be arranged so that no surgery inside or on X H is necessary then (X, f) does not have to satisfy the gap hypothesis at X A < X H for any subgroup A > H. The arrangement is possible by the following lemmas, which will allow us to assume X H = Y H and the map f H = / | X H is the identity map. Let n = dmiR V rH , and z' and E f are related by
as in the proof of Theorem 3.1. Proof. Since 0i is a AT-fiber homotopy equivalence, the fiber degree of 0f is 1 for every subgroup A of K. S (R- 
Of restricted on the fibers over S (R-) is Ay/7-homotopic to the identity, i.e. it lies in aft KjH is the identity, and T P X = V, T q X = W. It is obvious that Iso(7) = Iso(F) is contained in C U {1}, where C is a closed family of subgroups of G which contain H. Since O\{f) vanishes (Lemma 3.3), the normal map (X, /) is cobordant rel. C to a normal map (X 1 , /') rel. C U {1}, i.e. a G-homotopy equivalence /': X 1 -> Y. n When the order 2 k+l of the group G is sufficiently large, then there are representations V and W of K satisfying the conditions of Theorem 3.4 such that the induced representations V and W are distinct. Hence our main result Theorem A given in §1. The dimension of V (and of W) and the order of G are large due to the divisibility condition in (3.4) involving A which depends upon the order of G and the representation.
The following examples of nonisomorphic s-Smith equivalent representations of D 2 k are some of the simplest kinds that can be found by our method. 
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Then the induced representations 
